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Abstract. We locate almost all the zeros of the Eisenstein series associated with the Fricke groups of 
level 5 and 7 in their fundamental domains by applying and extending the method of F. K. C. Rankin 
and H. P. F. Swinnerton-Dyer (1970). We also use the arguments of some terms of the Eisenstein series 
in order to improve existing error bounds. 

1 Introduction 

F. K. C. Rankin and H. P. F. Swinnerton-Dyer considered the problem of locating the zeros of the 
Eisenstein series Ek(z) in the standard fundamental domain F [RSD] . They proved that all of the zeros 
of Ek {z) in F lie on the unit circle. They also stated towards the end of their study that "This method can 
equally well be applied to Eisenstein series associated with subgroups of the modular group." However, 
it seems unclear how widely this claim holds. 

Subsequently, T. Miezaki, H. Nozaki, and the present author considered the same problem for the 
Fricke group Tq(p) (See [K], [Q]), and proved that all of the zeros of the Eisenstein series E kp (z) in a 
certain fundamental domain lie on a circle whose radius is equal to l/y^p, p — 2, 3 [MNSj . 

The Fricke group Tq(j)) is not a subgroup of SL/2(Z), but it is commensurable with SL2(Z). For a 
fixed prime p, we define T'^(p) :— r a (p) U T n (p) W p , where T (p) is a congruence subgroup of SL 2 (Z). 

Let k ^ 4 be an even integer. For z S H := {z £ C ; Im(z) > 0}, let 

E l P ( z ) : = pk/^l (P k/2 MPZ) + E k (z)) (1) 

be the Eisenstein series associated with Tq (p) . (cf. |SG| ) 
Henceforth, we assume that p = 5 or 7. The region 

¥*(p) := {\z\ ^ 1/VP, |*| ^ l/(2y/p), -1/2 < Re{z) < 0} 

\J{\z\ > 1/VP, \z\ > 1/(2^), s: Re(z) < 1/2} (2) 

is a fundamental domain for T*(p). (cf. [SH], [SE]) Define A* := F*(p) n {z £ C ; \z\ = or \z\ = 

1/(2VP)}- 

In the present paper, we will apply the method of F. K. C. Rankin and H. P. F. Swinnerton-Dyer (RSD 
Method) to the Eisenstein series associated with Tg(5) and Tq(7). We have the following conjectures: 

Conjecture 1.1. Let k ^ 4 be an even integer. Then all of the zeros of E^ 5 (z) in F*(5) lie on the arc 
A* 

Conjecture 1.2. Let k 4 be an even integer. Then all of the zeros of E^ 7 (z) in F*(7) lie on the arc 
A* 7 . 

First, we prove that all but at most 2 zeros of E£ (z) in F*(p) lie on the arc A* p (See Subsection 14.11 
and 15. ip . Second, if (24/(p+ 1)) | fc, we prove that all of the zeros of E* kp (z) in ¥*(p) lie on A* p (See 
Subsection [O] and . 

We can then prove that if (24/(p + 1)) \ fc, all but one of the zeros of E% (z) in F*(p) lie on A*. 
Furthermore, let a§ £ [0, ir] (resp. 07 £ [0, tt]) be the angle which satisfies tan«5 = 2 (resp. tan 07 = 
5/v3), and let a Pt k £ [0,tt] be the angle which satisfies a p ^ = k(n/2 + a p )/2 (mod tt). Then, since 
a p is an irrational multiple of tt, a p ^k appear in the interval [0, tt] uniformly for all even integers k ^ 4. 
In Subsection 14.31 we prove that all of the zeros of E^ 5 (z) in F*(5) are on Al if a^.k < (116/180)77 
or (117/180)77 < ct5 t k- That is, we prove about 179/180 of Conjecture 11.11 Similarly, in Subsection 
[E3and[531 we prove that all of the zeros of E* k 7 {z) in F*(7) are on A* 7 if "a 7 , fc < (127.68/180)77 or 
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(128.68/180)tt < a 7 , k for k = 2 (mod 6)" or "a 7:fc < (108.5/180)tt or (109.5/180)tt < a^ k for k = 4 
(mod 6)". Thus we can also prove about 179/180 of Conjecture 11.21 

In [RSDj . we considered a bound for the error terms Ri (See <j9j) ) in terms only of their absolute 
values. However, in the present paper, we also use the arguments of some terms in the series. We can 
then approach the exact value of the Eisenstein series. 

A more detailed account of the material in the present study may be found in [SJj . 

2 General Theory 

2.1 Preliminaries 

Let v p (f) be the order of a modular function / at a point p. 

2.1.1 rs(5) 

We define 

A* 51 := {z ; \z\ = l/VE, tt/2 < Arg{z) < tt/2 + a 5 }, 
Ay := {z ■ \z + 1/2| = 1/(2V5), a 5 < Arg(z) < tt/2}. 

Then, Al = A* 5A U A* 5>2 U {i/VE, p B)1) p 5j2 }, where p 5A := -1/2 + ij (2^5) and p 5 ,2 := -2/5 + i/5. 

Let / be a modular form for Tq(5) of weight k, and let k be an even integer such that k = 2 (mod 4), 
then 

f(i/V5) = f(W 5 i/V5) = i k f(i/V5) = -f(i/V5). 
Thus, we have f(i/y/S) — 0. Similarly, we have /(/5g,i) = f{p5,2) = 0. Thus, we have v i ,^(f) ^ 1, 
*W (/) > h and u PBi2 (/) Ss 1. 

On the other hand, if fc = (mod 4), then we have v i i^(E^ 5 ) = v P51 (E^ 5 ) = v P5 2 (El 5 ) = 0. 

2.1.2 rg(7) 
We define 

:= {z ; |z| = 1/V7, tt/2 < Ar 5 (z) < tt/2 + a 7 }, 

A 7>2 := {z ; \z + 1/2| = 1/(2^7), a 7 - tt/6 < Ar 5 (z) < tt/2}. 

Then, A 7 = A 71 U A* 7 2 U {i/\/7, p 7 ,i, p 7 , 2 }, where p 7 ,i := -1/2 + i/ (2y/f) and p 7:2 := -5/14+ \/3i/14. 

Let / be a modular form for Tq(7) of weight fc. If = 2 (mod 4), then we have v i , s / 7 (f) ^ 1 and 
v P71 (f) ^ 1. On the other hand, if fc = (mod 4), then we have v i ,^ 7 (E^ 7 ) = v PTA (E^ 7 ) = 0. 

Similarly, if fc ^ (mod 6), then we have v pi2 {f) J? 1, while if fc = (mod 6), then we have 

v P7,A E h) = °- 

2.2 Valence Formula 

In order to determine the location of zeros of E^. (z) in F* (p), we require the valence formula for Tq(p). 

Proposition 2.1. Let f be a modular function of weight k for Tq(5), which is not identically zero. We 
have 

Voo{f) + \v iJ ^{f) + \v p ^{f) + ^v P5a {f)+ Yl v p(f) = \- (3) 

per*(5)\n 

Proposition 2.2. Let f be a modular function of weight k for 1^(7), which is not identically zero. We 
have 

Voo(f) + lv i/V7 (f) + ^v P7>1 (f) + ^v PT)2 (f)+ £ V p(f) = ^- (4) 

per*(7)\H 

The proofs of the above propositions are very similar to that for the valence formula for SL 2 (Z) (cf. 

[BE)). 
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2.3 Some Eisenstein series of low weights 

By means of a straightforward calculation, we have the following propositions: 

PROPOSITION 2.3. The location of the zeros of the Eisenstein series E* k 5 in F*(5) for 4 ^ fc > 10 are 
given by the following table: 



k 


Voo 


V i/V5 




V PS,2 


"5,1 


V* 
"5,2 


4 














1 





6 





1 


1 


1 








8 














1 


1 


10 





1 


1 


1 


1 






where V£ n denotes the number of simple zeros of the Eisenstein series E k 5 on the arc A* 5 n for n = 1,2. 

PROPOSITION 2.4. The location of the zeros of the Eisenstein series E* k 7 in F*(7) /or fc = 4, 6, and 12 
are given fry i/ie following table: 



k 


Woo 


V i/V7 




V P7,2 


V? 


4 











1 


1 


6 





1 


1 





1 


12 














4 



where V 7 * denotes the number of simple zeros of the Eisenstein series E* k7 on iyjUAyj. 
2.4 The space of modular forms 

Let M kp be the space of modular forms for Tq(p) of weight fc, and let M k ° p be the space of cusp forms 
for Tq(j>) of weight fc. Upon considering the map M kp B f i— > /(oo) € C, it is clear that the kernel of this 
map is given by M*° p . So dim{M* p /M*° p ) < 1, and M* p = CE£ )P © M*°. Let rj(z) be the Dedekind's 
r]-function. 

2.4.1 rj(5) 

Note that A 5 = i] 4 (z)r] 4 (5z) is a cusp form for Tq(5) of weight 4. We have the following theorem: 

Theorem 2.1. Let k be an even integer. 

(1) Fork<0 and k = 2, M* 5 = 0. 

(2) For k — and Q, we have M^° 5 = 0, and dim(M^ 5 ) = 1 with a base E k5 . 

(3) M fe *° 5 = A 5 M fe *_ 4;5 . 

The proof of this theorem is very similar to that for SL 2 (Z). Furthermore, we have 
M 4 *„ i5 = C{El 5 ) n © C(^ 4 * 5 ) n - 1 A 5 © • • • © CA£, 

ml +6 , 5 = El^ E h) n © c( j b; 5 )"- 1 a 5 © ... © CA£). 

Thus, we have the following proposition: 

Proposition 2.5. Lef fc ^ 4 be an even integer. For every f € M k5 , we have 

v i/sft{f)> s k, V p5A (f)^S k , V p52 (f)^S k 

(sk = 0, 1 such that 2s k = fc (mod 4)). 

2.4.2 T* (7) 

We define A 7 := n 6 (z)n 6 (7 z) and E 2 ,7(z) := (7E 2 (7z) - E 2 (z))/6. We then have the following theorem: 

Theorem 2.2. Let fc &e an even integer, and we define A 7 . 4 := (5/16)((E 2 J) 2 - E% 7 ) and 
A? 10 := (559/690) ((41065/137592) (£| 7 ££ 7 - £f 7 ) - £| 7 A 7 , 4 ) 

(1) 'M*° 7 = M$ 7 M*_ 127 . 

(2) Fork<0 and k = 2, M* k 7 = 0. VKe ftaue M * 7 = C. 
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(3) We have Mf 7 = CA 7>4; M 6 *° 7 = CA° 10 /A 7)4) 
M 8 *° 7 = C(A 7 , 4 ) 2 'ffi CE% 7 A 7 , 4; M*q 7 = CAO 10 © CS 6 * 7 A 7 , 4; 
M$ 7 = C(A 7 ) 2 © C(A 7 , 4 ) 3 © CE* 4 7 (A 7 , 4 ) 2 © C(£ 4 * 7 ) 2 A 7 , 4; and 
M$ r = CA 7 , 4 A? il0 © C£ 6 * i7 (A 7 , 4 ) 2 © C^ i7 £ 6 *. 7 A 7 ^ 4 . 

We thus have the following table: 



k 


/ 


Woo 




V P7,1 


V P7,2 


v 7 * 


4 













4 







A 7 , 4 


1 








1 





10 


A 


2 


1 


1 


1 





12 


(A 7 ) 2 


4 















Furthermore, we have 

Ml 7 = E* k _ 12n<7 {c(EZ t7 f n © (Eijf^M*^ © {E^f^ {M^ 7 f © ■ • • © (M* 2 ° 7 )"} 
© M^ iani7 (Afr 2 i7 ) n . 
Thus, we have the following proposition: 

Proposition 2.6. Let k ^ 4, be an even integer. For every f £ Mt 7 , we have 

V i/Vf(f) s ki v Pr,i (/) ^ s k {sk = 0,1 such that 2s k = k (mod 4)), 

V P7 2 (/) ^ tk ( s k = 0,1,2 such that — 2t k = k (mod 6)). 
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3 The method of Rankin and Swinnerton-Dyer (RSD Method) 

3.1 RSD Method 

Let k ^ 4 be an even integer. For z £ H, we have 

Eu{z) = \ J2 (cz + d)- k - (7) 

(c,d)=l 

Moreover, we have F = {|z| ^ 1, -1/2 Re(z) ^ 0} U {\z\ > 1, < i?e(z) < 1/2}. 

At the beginning of their proof in [RSDJ, Rankin and Swinnerton-Dyer considered the following 
function: 

F k (9) :=e lke / 2 E k (e td ), (8) 
which is real for all 9 £ [0, it). Considering the four terms with c 2 + d 2 = 1, they proved that 

F k (e)=2cos(k6/2)+R 1 , (9) 

where R\ denotes the remaining terms of the series. Moreover they showed that \Ri\ < 2 for all k ^ 12. 
If cos(k9/2) is +1 or —1, then F k (2mir/k) is positive or negative, respectively, and we can show the 
existence of the zeros. In addition, we can prove that all of the zeros of E k (z) in F lie on the unit circle 
using the Valence Formula and the theory on the space of modular forms for SL2(Z). 

3.2 The function: F^ pn 

We expect all of the zeros of the Eisenstein series E^ p (z) in F*(p) to lie on the arcs e /y/p and e 10 / (2^/p) — 
1/2, which form the boundary of the fundamental domain defined by the equation @. 
We define 

Fl pA (9):=e ike / 2 E* ktP (e ie /^p), (10) 
Kp^O) ■= e ike/2 Kv (e ie /2VP- 1/2) . (H) 
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We can write 



2 t-^ 2 

(c,d) = l (c,d) = l 

p\c p\c 



(c,d)=l (c,d)=l 
pfc2|cd pfc2|cd 

+ y E ( ce ^ 2 + dv^ /2 )~ " + y E (ce- ie / 2 + ^ e/2 )" 

(c,d)=l (c,d)=l 
pfc 2-fcci pfc 2fcd 



(13) 



Hence we can use these expressions as definitions. Note that (ce 10 / 2 + ^/pde lB / 2 ) k and (ce %B I 2 + 
^/pde l0 / 2 )~ k are conjugates of each other for any pair (c, d). Thus, we have the following proposition: 

PROPOSITION 3.1. F£ pl {9) is real, for all 9 g [0,7r]. 

Proposition 3.2. F£ p 2 (6) is real, for all 9 g [0,7r]. 

Now, we define 

'FZ 5 A6) 7r/2<(9<7r/2 + a 6 



F£ 52 (6-tt/2) n/2 + a 5 ^e^w 



Then, F£ 5 is continuous in the interval [7r/2,7r]. Note that F£ 5)1 (7r/2 + a 5 ) = e i ( 7r / 2 ) fc / 2 F fe * 5 >2 (a 5 ). 
Similarly, 

' F h,ii e ) ir/2^9 ^ir/2 + a 7 

, ^,7,2 ( e - 2?r / 3 ) V2 + «7 < < 7tt/6 ' 



whereupon is continuous in the interval [7r/2, 77r/6]. Note also that F£ 7 1 (ir/2+a 7 ) = e < 2 ^/3)k/2p* ^ 2 ( ay - 
"/«)• 

3.3 Application of RSD Method 

We introduce iV := c 2 + d 2 . First, we consider the case N = 1. For this case, we can write 

F fe * iPil (0) = 2cos(fc0/2) + , (14) 
^ 2 (ff) = 2cos(M/2) + fl; 2 , (15) 

where R pl and 2 denote the terms satisfying N > 1 of F£ 1 and F£ p2 , respectively. 
3.3.1 For T*(5) 

For Rt 1 , we will consider the following cases: N = 2, 5, 10, 13, 17, and N > 25. Considering -2/V5 ^ 
cos 9 ^ 0, we have 

K,K 2 + 4(I)" 2 + 2 (i)" 2 + ... + 2 (I)' + ^(I)'. 

Similarly, for i?g 2 , we will consider the cases: N — 2, 5, 10, 13, 17, 25, 26, 29, and N > 34. For these 
cases we have 

We want to show that | J2g x | < 2 and |i?g 2 | < 2. Note that the case for which (c, d) — ±(2, 1) (resp. 
(c,d) = ±(1, -1)) yields a bound equal to 2 for |i?g : | (resp. |i?5 )2 |)- 
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3.3.2 T* (7) 

For R^n we will consider the cases: N — 2, 5, 10, . . . , 61, and N ^ 65. Then, we have 

Similarly, for R^ 2 , we will consider the cases: N = 2, 5, 10, . . . , 89, and N ^ 97. For these cases we 
have 

,« 2l < 4 + 2 rir + > m" 2 + - ■ ■ + > ar + » r^V" . <.« 



Note that the cases (c, rf) = ±(2, 1) and ±(3, 1) (rcsp. (c, d) = ±(1, —1) and ±(3, —1)) yield a bound 
equal to 4 for l-Ry^l (resp. |i?7. 2 D- 

3.4 Arguments of some terms 
3.4.1 rs(5) 

In the previous subsection, the important point was the fact that the cases (c,d) = ±(2,1) and (c, d) — 
±(1, —1) do not yield good bounds for \R% i\ and |i2j; 2 |> respectively. 

Let 6i := 2Arg {2e l() ^ 2 + ^/he- ld ^ 2 } and 9 2 := 2Arg {-e ie *' 2 + Vbe- 10 ^ 2 }, then we have 

tanlV/2 = - ^ ~ 2 tangi/2, tan9 2 '/2 = 1 tan6> 2 /2. 

V5 + 2 V5 — 1 

Furthermore, it is easy to show that 

\/5 — 2 

tan(— 7r + 7r/2 + a 5 + di(*7r/fc)) /2 < --^= tan (tt/2 + a 5 - (iTr/fc)) /2 

V 5 + 2 

< tan (-7T + tt/2 + a 5 + (*7r/fc)) /2, 

where di < 1/(1 + 4tan(t/2)(?r/fc)). Thus, 

1 =tt/2 + a 5 - (tn/k) 

=> -7r + tt/2 + a 5 + d^tn/k) < 9i < -ir + tt/2 + a b + (i7r/ fc ), 

= fc(7r/2 + a 5 )/2 - (t/2)7r 
=> -(fe/2)7r + fc(7r/2 + a 5 )/2 + d 1 {t/2)n < k9i /2 < -(k/2)n + k(n/2 + a 5 )/2 + (*/2)tt. 



Similarly, 



fc6» 2 /2 = fca 5 /2 + (t/2)7r 

=> -(fc/2)7r + fca 5 /2 - (t/2)7r < fc6> 2 V 2 < -(fc/2)7r + fca 5 /2 - d 2 {t/2)n, 

where d 2 < 1/(1 + tan(t/2)(7r/fc)). 
Note that 

[0 (fc = (mod 4)) , , 

- (fc/2) ^{. \k = 2 (mod 4)) (m ° d27r) ' 

and both d\ and <i 2 tend to 1 in the limit as k tends to oo, or in the limit as t tends to 0. 

Recall that a^^ = k(n/2 + a^)/2 (mod n), then we can write k(ir/2 + a^)/2 = a 5 ,k + ran for some 
integer m. We define as,// = k9\ j2 — mir (mod 2ir) for 9\ = n/2 + as — (tir/k). 

Similarly we define (3^.k = ka^/2 (mod ir) and j3§^' = k9 2 /2 — (ka^/2 — 05 t k) (mod 2n) for 9 2 = 
a 5 + (tir/k). 
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3.4.2 T* (7) 

Similarly to the previous subsection, we consider the arguments of some terms such that (c,d) = ±(2, 1) 
and ±(3,1) for (i?^], and {c,d) = ±(1,-1) and ±(3,-1) for \R* 72 \. 

Let 9 lA ' := 2Arg {2e^/ 2 + V7 e -^/ 2 }, 9 h2 ' := 2Arg {3e^/ 2 + V7 e -^/ 2 }, 
9 2 ,i := 2Arg{-e^' 2 + V7 e -^/ 2 }, and 9 2 . 2 ' := 2Arg {-3e^/ 2 + V7 e -^/ 2 }. 

We have 

fc6»i/2 = fc(7r/2 + a 7 )/2 - (t/2)n 

'(fc/3)7r + fc(7r/2 + a 7 )/2 + di,i(t/2)7T 

< k9 hl '/2 < (fc/3)7r + fc(7r/2 + a 7 )/2 + (3t/2)7r, 
-(fc/3)7r + fc(?r/2 + a 7 )/2 - i?r 

< fc6»i ;2 72 < -(fc/3)7r + fc(7r/2 + a 7 )/2 - d ia (t/2)n, 
k6 2 /2 = k(a 7 - tt/6)/2 + (i/2)7r 

' -(fc/3)7r + fc(a 7 - tt/6)/2 - (3t/4)7r 

< fc(9 2 ,i7 2 < -(fc/3)7r + fc(a 7 - Jr/6)/2 - d 2 ,i{t/2)n, 
(fc/3)7r + fc(a 7 - tt/6)/2 + d 2 , 2 (t/2)ir 

< k9 2a '/2 < (fc/3)7r + fc(a 7 - tt/6)/2 + (t/4)7r, 

where d M < 3/(l + 2\/3tan(i/2)(7r/fc)), di, 2 < 2/(l + \/3tan(i/2)(7r/fc)), d 2 ,i < 3/(2+\/3 tan(i/2)(7r/fc)), 
and d 2 , 2 < 1/(2 + 3\/3"tan(t/2) (>/&)) • 
Note that 







(k = (mod 6)) 







(fc ee (mod 6)) 



(fc/3)7r = < 2tt/3 (k = 2 (mod 6)), -{k/3)n = < 4tt/3 (fc = 2 (mod 6)) 



4tt/3 (fc ee 4 (mod 6)) 



2tt/3 (fc ee 4 (mod 6)) 



modulo 2ir. Furthermore, in the limit as fc tends to oo or in the limit as t tends to 0, d\ t i (resp. di j2 , 
d 2i i, and d 2j2 ) tends to 3 (resp. 2, 3/2, and 1/2). 

Recall that ot-j^ ee k(n/2 + a 7 )/2 (mod it). Then, we define a 7 ,fc,„' ee fc6 | i j „'/2— (fc(7r/2 + a 7 )/2 — a 7 ,fc) 
(mod 27r) for n = 1,2 and for 9\ = tt/2 + a 7 — (tir/k). 

Similarly, we define /3 7i fe ee fc(a 7 — w/6)/2 (mod n) and /? 7 ,fe,n' = fc#2,n'/2 — (fc(a 7 — n/6)/2 — /3 7j fc) 
(mod 27r) for n = 1, 2 and for 9 2 = a 7 — n/6 + (tn/k). 

3.5 Algorithm 

In this subsection, we consider the bound 

J < 2c for every fc > fc , (20) 

for some c > and an even integer fc . Furthermore, we will detail an algorithm that can be used to 
derive the above bound. 

Let A be an index set, and, applying the RSD method, let us write 



\r: 



^2E AeA e A Vk(cx,dx,6), 



where the factor "2" comes from the relation Vk(c,d,9) — Vk(—c,—d,9). Furthermore, let I be a finite 
subset of A such that e\ Vk(ci,di,9) does not tend to in the limit as fc tends to oo for all i £ I, and 
assume I C N. Then, we define X,- t := e~ 2 Wfe(cj, dj, 9)~ 2 l k for every i £ I. 
Assume that for every i e I and fc > fc and for some c/ and u,, 



SC Ci'X. 



-fe/2 



A, fe/2 ^ 1 + ^(TT/fc), 2£ AeAy Ufc(CA, d x , 9) b(l/s) 
and let the number t > be given. 



fe/2 
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Step 1. "Determine the number ox-" 

First, in order to show the bound ([20]) . we wish to use the bound 

J2 ie i c t 'X; k/2 < c - a^tir/k) 2 (21) 

for every i £ I and fc ^ fco and for some a\ > 0. 

To show the bound (|2"0|) by the above bound (|2"Tj) , we need b(l/s) k ^ 2 < ai(tTr/k) 2 for every k ^ fco- 
Define /(fc) := s k / 2 /b - k 2 /(2a 1 t 2 n 2 ). If we have fc logs > 4 and 

ax > (6Ag) / (2s fco / 2 tV), (22) 

then we have /(fco) > 0, /'(fco) > 0, and /"(fco) > 0. In the present paper, we always have fco logs > 4. 
Thus, it is enough to consider the bound ([22l . 



Step 2. "Determine the number co,j and ax,j." 

Second, to show bound (|2"Tj) . we wish to use the bounds 



Ci'Xi k/2 < c^-a hl (tTr/k) 2 (23) 



for every i G I and fc ^ fco and for some co,i > 0, ou > 0. 
We determine cq i and ax i such that 



co,i > 0, ax,i > 0, c = 5Z ieJ cq,,:, and a\ = ai,i- (24) 



Step 3. "Determine a discriminant for every i 6 I." 

Finally, for the bound (|23p. we consider following sufficient conditions: 



X 2 fe/2 > c, + a 2 ,i(tir/k) 2 , Xi > a 3<i + a^itu / 'fc) 2 . 
For the former bound, it is enough to show that 

Ci = Ci'/c 0li , a 2 ,i > (%{a lfi /ci) / {1 - c 4 (a M /c/)(t7r/fc ) 2 }, (25) 
while for the latter bound, it is enough to show that 

fl3,i = c 2/fco , 04,1 = ((2a 2 ,i)/(cifco))c 2/fc °. 

Because we have 

c 2/k 1 + 2(log Cl )/fc + 2(log Cl ) 2 c 2/fc /fc 2 , 



| , ^ 7^ ^ 2 ^ ^ 1 / ol on 2/fc 1 2a 2il i 2 7T 2 2/fco 1 

Xi- [0,3^ + 0,4,1 [t-) J > t { Uiir - 21ogCi - 2(log Cj)c/ I ^ c, 

1 



ft,Q Cj «,q 



- x Yi. (26) 
In conclusion, if we have Yi > 0, then the bounds (f2"3")) , (|2T|) , and (f5U|) hold. 
Note that the above bounds are sufficient conditions; they are not always necessary. 

4 r^(5) (For Conjecture ED) 

The proof of Conjecture 11.11 is significantly more difficult than the proof of the theorems for Tq(2) and 
Tq(3). The most difficult point concerns the argument Arc^ps^), which is not a rational multiple of ir. 
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4.1 All but at most 2 zeros 

We have the following lemma: 

Lemma 4.1. We have the following bounds: 

"We have \R% x | < 2 cos(c '7r) for 9 1 S [tt/2, tt/2 + a 5 - tir/k] " 

(1) Fork >12, (co',t) = (1/3,1/6). 

(2) For k ^ 58, (c ', t) = (33/80, 9/40). 

"We have \R% 2 | < 2 cos(c '7r) for 6 2 € [a 5 + ivr/fc, tt/2] " 

(3) forfc ^ 12, (co',t) - (0,1/2). 

(4) Fork ^22, (co',t) = (1/3, 1/2). 

(5) for fc ^ 46, (c ', i) = (7/30, 1/5). 

Proof. (3) Let fc ^ 12 and x — 7r/(2fc), then ^ x ^ 7r/24, and so 1 — cosa; ^ (32/33)a; 2 . Thus, we have 

||e^/ 2 - VZe~ ie ' 2 \ 2 > 1(6 - 2V5cos(a 5 +*)) > 1 + ^jU 2 , 

^|e^ 2 + V5e- 4e / 2 | fc > 1 + -x 2 (fc > 12), 
2 fc 11 

2 fe .2, fe (l,l,^)<2-- 28N " ' 



r 66 fc 2 

In inequality ( dH) , replace 2 with the bound 2 - ffr|g pr- Then 



7T 2 +66 , 

288tt 2 1 /2\ fc/2 / 1 \ t/2 2112V33 / 2 x fe/2 



l^5, 2 K 2 ^ 2 + 66A .2 1 - ^3 y 1 '"\\29j ' fc-3 V33 
Furthermore, (2/3) fc / 2 decreases more rapidly in k than 1/fc 2 , and for k J? 12, we have 

< 1.9821... 

(1), (2), (4), (5) We will use the algorithm in the Subsection l3.5l Furthermore, we have X\ = Vk(2, 1, 9\)~ 2 / k 
l+4i(7r/fc) in the proof of (1) and (2), and we have X 1 = (1/4) v k (l, -1, 9 2 )~ 2/k > l + t{ir/k) in the 
proof of (4) and (5). We have cq — Co,i ^ cos(co'7r). We can show Y\ > for every item. □ 

When 4 | fc, by the valence formula for Tq(5) and Proposition 12.51 we have at most fc/4 zeros on the 
arc A^. We have fc/4 + 1 integer points (i.e. cos(fc#/2) = ±1) in the interval [ir/2,ir]. By the above 
lemma's conditions (1) and (3), we can prove |iZ| i| < 2 or |i?g 2 | < 2 at all but at most one integer point. 
Then, we have all but at most 2 zeros on Al. 

On the other hand, when 4 j A;, we have at most (fc — 6)/4 zeros on the arc A^. Similarly to the 
previous case, we have all but at most 2 zeros on A^. 

Thus, we have the following proposition: 

Proposition 4.1. Let fc ^ 4 be an even integer. Then all but at most 2 of the zeros of E£ 5 (z) in F*(5) 
lie on the arc At . 



4.2 The case 4 | k 

For 7r/12 < a 5i fc < 37r/4, by Lemma IO (1) and (3), we can prove |i?s i| < 2 or \R* 5 2 \ < 2 at all of the 
integer points. 

Now, we can write 

F£ 5>1 (0i) = 2cos(fc6» 1 /2) + 2Re(2e- l8l/2 + V5e l8l ^ 2 )- k + R* 51 ' , 

*fc,5, 2 (02) = 2cos(fc6» 2 /2) + 2 k ■ 2Re(e' l62/2 - VZe l9 ^ 2 )- k + R* 5 2 '. 

For < <X5 t k < 7r/12, the last integer point of F£ 5 1 (9i) is in the interval [n/2 + a$ — 7r/(6fc), 7r/2 + a5]. 
We have l-Rg/l < 2 for 6\ € [7r/2,7r/2 + a 5 ]. Furthermore, because < a 5jfc ' < 7r/6 for < t < 1/6, we 
have Sign{cos(k9 1 /2)} = Sign{Re(2e~ i6l l 2 + y/Ze l9 ^ 2 )- k } for 9 l e [ir/2 + a 5 - 7r/(6fc), tt/2 + a 5 ]. 

For 37r/4 < a^,k < tt, the first integer point of F£ 5 2 (9 2 ) is in the interval [as, a$ + n/ (2k)]. We have 
|i2| i2 '| < 2 and £%n{cos(fc0 2 /2)} = Sign{Re(e~ l ^l 2 - Vbe l6 ^ 2 )- k } for 9 2 G [a 5 ,a 5 + 7r/(2fc)]. 

Thus, we have the following proposition: 
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Proposition 4.2. Let k ^ 4 be an integer which satisfies 4 | k. Then all of the zeros of 5 (z) in F*(5) 
lie on the arc At, . 

4.3 The case i\k 

4.3.1 The case < a 5 , k < n/2. 

Now, at most two zeros remain. At the point such that k6i/2 = k(it/2 + as)/2 — 0:5. k — 7r/3, we have 
I-R5 -J < 1 by Lemma |4~T1 (1). and we have 2cos(fc6 ) i/2) = ±1. Then, we have at least one zero between 
the second to last integer point for ± and the point kQ\j2. Similarly, by Lemma H. II (4), we have at 
least one zero between the second integer point and the point £6*2/2 = ka^/2 + (3 5 ± + k/3. 

4.3.2 The case it/2 < a 5 , k < n. 

For this case, we expect one more zero between the last integer point for A§ 1 and the first one for At, 2 . 
We consider the following cases: 

(i) "The case 7tt/10 < a 5 ,fe < tt" 

• For 3tt/4 < a^^ < t, we can use Lemma FTTl (l). 

• For 77t/10 < a^fc < 3tt/4, we can use Lemma |4*T1 (2). 

For each case, we consider the point such that k6\/2 = k(n/2 + a 5 )/2 — + ir — c 'ir. We have 
«5,fc — 7T + co'n > {t/2)ir and I.R5 J < 2cos(co'7r), and we have 2cos(fc6*i/2) = ±2 cos(co'7r). Then, we 
have at least one zero between the second to last integer point for A^ ± and the point fc6*i/2. 

(ii) "The case tt/2 < a 5 , k < 19tt/30" 

• For tt/2 < a 5 ^ < 7tt/12, we can use Lemma [4~T1 (4) . 

• For 77r/12 < 05^- < 197r/30, we can use Lemma T4. II (5). 

Similar to the case (i) above, we consider the point such that £6*2/2 = ka.5/2 — f3§.k + cqix for each case. 

(iii) "The case 13tt/20 < a 5 ,fe < 7tt/10" 

We have X x = v k (2, 1, BxY 2lk > 1 +4t(ir/k), and let cos(c '7r) = - cos((a;/180)7r - (t/2)7r). Then, 
using the algorithm of Subsection 13.51 we prove "For (a;/180)7r < a^ : k < (y/180)7r, we have \R^ x | < 
2 cos(c '7r) for 6>i = tt/2 + a 5 - tn/k." for ten cases, namely, (a;, y, t) =' (121, 126, 3/20), (120, 121, 1/10), 
(118.8,120,1/10), (118.1,118.8,2/25), (117.7,118.1,1/15), (117.45,117.7,3/50), (117.27,117.45,1/20), 
(117.15, 117.27, 9/200), (117.06, 117.15, 1/25), (117, 117.06, 1/25). 

For each case, we consider the point such that fc6*i/2 = k(Tt /2+a$) /2— (t/2)n. We have a^.k— n+co'ir > 
(t/2)n and \Rl t \ < 2cos(co'7r), and we have |2 cos(fc6 ) i/2)| > 2cos(co'7r). Then, we have at least one zero 
between the second to last integer point for At, 1 and the point k0\/2. 

(iv) "The case 19tt/30 < a 5 ,fc < 29tt/45" 

We have X x = (1/4) v k (l, -1, 6* 2 )" 2/fe ^ l + t(ic/k) and cos(c '7r) = cos((y/180)7r - tt/2 + (£/2)tt). 
Then, we prove "For (x/180)7r < a 5yk < (y/180)7r, we have \Rl ;2 \ < 2cos(c '7r) for 6* 2 = a 5 +tir/k." for 
three cases, namely, (x,y,t) = (114,115.4,4/25), (115.4,115.8,3/25), (115.8,116,1/10). 

Similar to the case (iii) above, we consider the point such that fc6*2/2 = ka^/2 + {t/2)-K for each case. 

In conclusion, we have the following proposition: 

Proposition 4.3. Let k ^ 4 be an integer which satisfies 4 j fc 7 and let £ [0, 7r] be the angle which 
satisfies a^^ = k(it /2 + a§)/2 (mod it). If we have a^_ k < 297r/45 or 137r/20 < a§^, then all of the zeros 
of E%. 5 (z) in F*(5) lie on the arc A^. Otherwise, all but at most one zero of EJ1 5 (z) in F*(5) lie on A§ 

4.4 The remaining case "4 \ k and 297r/45 < a 5:k < 137r/20" 

In the previous subsection, we left one zero between the last integer point for A§ 1 and the first one for 
A* 5 2 for the case of "4 \ k and 297r/45 < a 5 , k < 137r/20". For the cases of 137r/20 < 015^- < 77r/10 and 
197r/30 < a5.fc < 297r/45, the width |a; — y\ becomes smaller as the intervals of the bounds approach the 
interval [297r/45, 137r/20]. It seems that the width \x — y\ needs to be smaller still if we are to prove 
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Conjecture 11.11 for the remaining interval [297r/45, 137r/20]. Furthermore, we may need to split infinite 
cases (x, y) such as we saw in the previous subsection. Thus, we cannot prove the conjecture for this 
remaining case in a similar manner. However, when k is large enough, there is a possibility that we can 
prove the conjecture for this remaining case. 

Let 297r/45 < a^.k < 137r/20, and let t > be small enough. Then, we have tt/2 < a^.k — (t/2)TT < tt 
and 3n/2 < tt + a 5 , k + di(t/2)iT < a^u' < tt + a$ t k + (V^) 71 " < 27r. Moreover, we can easily show that 
1 + 4£(7r/fc) < u fc (2, l,6ii)- 2 / fc ^ e 4 *^). Thus, we'have 

- cos(a 5! fe - (£/2)tt) - cos(tt + a 5tk + d 1 (t/2)n) ■ e" 2nt 

-k 



Re I 2e^/ 2 + V5e-^/ 2 



> |cos(fc6»i/2)| - 



> - cos(a 5 , fc - {t/2)n) - cos(tt + a 5tk + (t/2)n) ■ (1 + U{tt /k)y k/2 . 



We denote the upper bound by A and the lower bound by B. Furthermore, we define A' := ^4/cos(7r + 
«5,fc + di(t/2)n) and B' := Bj cos(7r + a 5 , k + {t/2)n). First, we have A\ t= o = B\ t= o — 0. Second, we 
have ^A'| t=0 = 



■§^B'\ t= o = 7r(tanafe : 5 + 2). Finally, we have B > if > tt — a 5 , and we have A < 



if «5,A: < 7r — 015 for small enough t. 

Similarly, we consider the lower and the upper bounds of | cos(/c6l 2 /2)| — \Re{2 k {e l9 ' 2 / 2 — \fbe~ l92 / 2 )^ k }\. 
The lower bound is positive if a^^ < tt — as, while the upper bound is negative if a§ t k > tt — a§ for small 
enough t. 

In conclusion, if 4 \ k is large enough, then \R^ x | and \R§ 2 '| are small enough, and then we have one 
more zero on the arc A^ 1 when a^ t k > tt — as, and one more zero on the arc A^ 2 when as^ < tt — as. 
However, if k is small, a method of proving the conjecture for this case is not clear. 



5 rj$(7) (For Conjecture [El) 

Similar to the case of 1^(5), to prove Conjecture [T72] is also difficult. The most difficult point is again the 
argument Arg(p-j^)- 

5.1 All but at most 2 zeros 

We have the following lemma: 

Lemma 5.1. We have the following bounds: 

"We have \R* 7l \<2 cos(c 'tt) for 9 1 G [tt/2, tt/2 + a 7 - tir/k] " 

(1) For k> 10, (cD',t) = (1/3,1/3). 

(2) For k > 80, (c ', t) = (41/100, 8/25). 

(3) For k > 22, (c ', t) = (13/36, 1/3). 

"We have \R$ 2 \ < 2cos(c 'tt) for 6 2 G [a 7 - tt/6 + i7r/fc, tt/2] " 

(4) For A; ^8,' (c ', t) = (1/6, 1/2). 

(5) For k = 26, fc > 44, (c ',i) = (1/3,2/3). 

(6) For k^ 70, (c ',i) = (1/4,1/2). 

(7) For fc ^ 200, (c ',i) = (5/18, 1/2). 

Proof. We will use the algorithm given in Subsection 13.51 Furthermore, we haveXi =v fc (2,l,6» 1 )- 2 / fc > 
1 + 2v / 3*(7r/A;) and X 2 = v k (3, 1, 6»i)" 2 / fc ^ 1 + 3V3t(vr/fc) in the proofs of (1), (2), and (3), and we have 
X! = (1/4) w fc (l, -1, 2 )- 2 / fc > l+(V3/2)t(Tr/fc) and X 2 = (1/4) v k {3, -1, 2 )- 2 / fc > l+(3V3/2)i(7r/A;) in 
the proofs of (4), (5), (6), and (7). We also have Co ^ cos(co'7r). We can show — (0:3,4 + a iti (tTt / k) 2 ) > 
in the algorithm given in Subsection 13.51 for the case of "(4), k = 8" and "(5), k = 26". For the other 
cases, we can show Y\ > and Y 2 > 0. □ 

Similarly to Proposition l4.il by the above lemma's conditions (1), (4) and (5), we have the following 
proposition: 

Proposition 5.1. Let k ^ 4 be an even integer. Then all but at most 2 of the zeros of 7 {z) in F*(7) 
lie on the arc At. 
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5.2 The case 6 | k 

We can write 

F£ t7il (6i) ^2cos{k6 1 /2) + 2Re{2e^ 91 ' 2 + V7e l9l / 2 y k 

+ 2Re(3e~ l9l/2 + V7e l9l ' 2 y k + R*/ , 
F* J2 (6 2 ) =2 cos (k6 2 /2) + 2 k+1 Re(e- 19 ^ 2 - V7e* /2 )" fc 

+ 2 k+1 Re(2,e-^ 2 - ^fle^' 2 y k + R* 7 2 '. 

Similarly to Subsection 14.21 we consider the signs of some of these terms. 

For < a 7 , fc < tt/8, we have \R$/\ < 2 and Sign{cos(k9 1 /2)} = Sign{Re{2 e - 19 ^ 2 + V7e l9l ^ 2 y k } = 
Sign{Re(3e- 191 / 2 + V7e l9l / 2 y k } for 6 l e [tt/2 + a 7 - ir/(8k), tt/2 + a 7 ]. 

For 7r/8 < a 7 _ k < tt/6 or ir/4 < a 7t k < 5tt/6, we can use Lemma T5. II (1) and (4). 

For 5tt/6 < a 7 , k < tt, we h&ve\B%/\ < 2 and Sign{cos{k9 2 /2)} = Sign{Re(e- l(>2 / 2 - V7e l<>2 / 2 y k } = 
Sign{Re(3e~ l92 / 2 - V7e l92 / 2 y k } for 9 2 £ [a 7 - tt/6 + ir/(6k), tt/2]. 

Thus, we have the following proposition: 

Proposition 5.2. Let k ^ 4 be an integer which satisfies 6 | k. Then all of the zeros of 7 (z) in F*(7) 
lie on the arc A 7 . 

5.3 The case k = 2 (mod 6) 

We can prove this case in a similar way to that of Subsection 14.31 

5.3.1 The case < a 7-k < 2tt/3. 

We can use Lemma [5.11 (1), (4), and (5). When a 7ik < tt/6, we consider the point kB\j2 = k(ir/2 + 
a 7 )/2 — a^fc — 7r/3 instead of the last integer point for A 71 . Similarly, instead of the first integer point for 
A 7 2 , we consider the points k9 2 /2 — k(a 7 — 7r/6)/2+ (tt — /3 7 ,fe)+ 7r /6 and fc(a 7 — tt/6)/2 + (7r — /3 7i/ t) + 7r/3 
for 57r/12 < a 7y k < 7tt/12 and 77r/12 < a 7i k < 2n/3, respectively. 

5.3.2 The case 27r/3 < a 7f k < ^- 

For this case, we expect one more zero between the last integer point for A 7 1 and the first one for A 7 2 . 
Then, we consider the following cases: 

(i) "The case 37r/4 < a 7ifc < tt" 

For 37r/4 < a 7l k < 5ir/6 and 5tt/6 < a 7i f- < tt, we can use Lemma [5.11 (2) and (1), respectively. 

(ii) "The case 3217tt/4500 < a 7jfc < 3tt/4" 

We have X x = v k {2, 1, 6 1 y 2 l k > 1 + 2v / 3i(7r/fc) and X 2 = v k (3, 1, Q x y 2 l k > 1 + 3V^t(n/k), and let 
cos(co'7r) = — cos((x/180)7r — (t/2)ir). Then, by the algorithm given in Subsection 13.51 we prove "For 
(x/180)7r < a 7 k < (y/180)7r, we have |i? 71 | < 2cos(co'7r) for 6i = n/2 + a 7 — tixjkP for nine cases, 
namely, {x,y,t) = (131.5,135,1/4), (130.1,131.5,83/400), (129.5,130.1,7/40), (129.18,129.5,47/300), 
(129,129.18,71/500), (128.86,129,263/2000), (128.77,128.86,61/500), (128.71,128.77,143/1250), 
(128.68,128.71,109/1000). 

(iii) "The case 2tt/3 < a 7 , k < 266tt/375" 

We have X 1 = (1/4) v k (l, -1, B 2 y 2 l k > 1 + (y/5/2)t(ir/k) and X 2 = (1/4) v fe (3, -1, 6 2 y 2 l k > 
1 + (3v / 3/2)t(7r/fc), and let cos(c 'tt) = cos((2//180)tt - 2tt/3 - (t/2)7r). Then, we prove "For (x/180)tt < 
ct7,k < (y/180)7r, we have |i? 72 | < 2cos(co'7r) for 8 2 — a 7 — tt/6 + tir/k." for four cases, namely, 
(x',y,t) = (120,126.7,93/200), (126.7, 127.3, 17/50), (127.3,127.63,22/75), (127.63,127.68,13/50). 

In conclusion, we have the following proposition: 
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Proposition 5.3. Let k ^ 4 be an integer which satisfies k = 2 (mod 6), and let a 7 _ k € [0,7r] be the 
angle which satisfies a 7tk = k(ir/2 + a 7 )/2 (mod 7r). // we have a 7 , k < 2667r/375 or 32177r/4500 < a 7yk , 
then all of the zeros of 7 {z) in F*(7) lie on the arc A 7 . Otherwise, all but at most one zero of E^ 7 (z) 
in F* (7) lie on A* 7 

5.4 The case k = 4 (mod 6) 

With the exception of some specific cases, we can prove this case in a similar way to the proof of Subsection 
14.31 and the previous subsection. 

5.4.1 The case < a 7ik < ir/3. 

We can use Lemma T5. II (1) for the case a 7 , k < tt/6, and we can use Lemma l5~T1 (4) and (6) for the cases 
< «7,fe < 7r/4 and 7r/4 < a 7)k < 7r/3, respectively. 

5.4.2 The case n/3 < a 7 , k < tx. 

(i) "The case 37r/4 < a 7jfc < 7r" 

For 57r/6 < a 7 k < 7T (resp. 29tt/36 < a 7 k < 5tt/6, 3tt/4 < a 7 k < 5tt/6), we can use Lemma |5~T1 fl) 
(resp. (3), (2)). 

(ii) "The case ir/3 < a 7yk < 137r/36" We can use Lemma 1531 (7). 

(iii) "The case 2tt/3 < a 7 . k < 3tt/4" 

We define cos(c '7r) = - cos((x/180)tt — (t/2)ir). Then, we prove "For (x/180)7r < a 7yk < (y/180)7r, we 
have \R* 71 \<2 cos(c '7r) for 1 = tt/2 + a 7 - tw/k." for two cases, namely, (x, y, t) = (127.6, 135, 59/250), 
(120,127.6,1/4). 

(iv) "The case 13tt/36 < ol 7M < 5tt/9" 

We define cos(c '7t) = cos((y/180)vr-7r/3+(t/2)7r). Then, we prove "For (x/180)tt < a 7 , k < (y/180)n, 
we have |i? 72 | < 2cos(co'tt) for 9 2 — a 7 — 7r/6 + tir/k." for two cases, namely, (x,y,t) = (65,90,2/5), 
(90,100,2/5). 

Now, we can write 

F£ i7tl (6i) = 2cos(k9 1 /2) + 2Re{3e~ ie ^' 2 + Vle ie ^ 2 )- k + R* 71 ", 
K 7 , 2 (^) = 2 cos (k8 2 /2) + 2 k ■ 2Re{3e' l02/2 - V7e l02/2 )- k + R* 7 / . 

(v) "The case 73rr/120 < a 7 , fc < 2vr/3" 

We have X x = v k (2, 1, 9 1 y 2 / k > 1 + 2y/3t(w/k) and X 2 = v k {3A,6 1 )- 2 / k < e -3VS(t/2)^_ T j afiDl) 
Sign{cos(k9 1 /2)} = Sign{Re{3e- lf>1 ' 2 + V7e w ^ 2 )- k }, and we prove "For (x/180)tt < a 7 , k < (y/l80)ir, 
we have \R 71 "\ < \2 cos (k9 1 /2) + 2Re(3e~ i6l/2 + V7e ie ^ 2 )~ k \ for 9 1 = tt/2 + a 7 - tir/k." for four cases, 
namely, (x,y) = (111.6,120,23/150), (110.1,111.6,1/10), (109.65,110.1,43/625), (109.5,109.65,21/400). 

For each case, we consider the point such that k9\/2 = k(n/2 + a 7 )/2 — (t/2)w. We can show 
Sign{cos(k9i/2)} — Sign{F^ 7 1 (^i)} , and then we have at least one zero between the second to last 
integer point for A* 7 x and the point k9\/2. 

(vi) "The case 5tt/9 < a 7jfc < 217tt/360" 

WehaveXi = (1/4) w fc (l,-l,0 2 )~ 2/ * > l+i(7r/fe) and X 2 = (1/4) v k (3, -1, 9 2 )- 2 ' k < e -(3V5/2)(t/2)» 
Then, we have Sign{cos (k9 2 /2)} = Sign{Re{3e- 102 / 2 - y^e l02 / 2 )- k }, and we prove "For (x/180)tt < 
a 7 , k < (y/180)7r, we have \R 7>2 "\ < |2cos {k9 2 /2) + 2 k ■ 2Re{3e~ 102 / 2 - V7e l02 ' 2 )- k \ for 9 2 = a 7 - 
tt/6 + tTr/k." for five cases, namely, (x, y) = (100, 106, 3/10), (106, 107.7, 11/50), (107.7, 108.21, 33/200), 
(108.21, 108.42, 2/15), (108.42, 108.5, 113/1000). 



In conclusion, we have the following proposition: 
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Proposition 5.4. Let k ^ 4 be an integer which satisfies k = 4 (mod 6), and let a 7 _ k € [0, 7r] 6e £/ie 
ang/e which satisfies a 7t k = k(n/2 + a 7 )/2 (mod it). If we have a 7 _ k < 2177r/360 or 737r/120 < ct 7t k, 
then all of the zeros of E£ 7 {z) in F*(7) lie on the arc A 7 . Otherwise, all but at most one zero of E^ 7 (z) 
in F*(7) are on A 7 

5.5 The remaining cases "k = 2 (mod 6), 2667r/375 < a 7j k < 32177r/4500" and 
u k = 4 (mod 6), 217tt/360 < a 7A < 73tt/120" 

Similar the problem described in Subsection 14.41 it is difficult to prove Conjecture 11.21 for the remaining 
cases. However, when k is large enough, we have the following observation. 

5.5.1 The case "fc = 2 (mod 6) and 266tt/375 < a 7M < 3217tt/4500" 

Let t > be small enough, then we have ir/2 < a 7 ,fc — {t/2) 7r < tt, < 2Tr/3 + a 7 ,k+di ! i(t/2) / jr < a 7j k,i' < 
2tt/3 + a 7jfe + {t/2)n < 3tt/2, and 2tt < 4tt/3 + a 7:k - tir < a 7 , k ,2 < 4tt/3 + a 7 . k - d ia {t/2)n < 5tt/2. 
Thus, we have 

- cos(a 7 , fc - [t/2)r) - cos(27r/3 + a 7 . k + d hl (t/2)n) ■ (1 + 2V3t(i:/k))- k/2 
- cos(47r/3 + a 7 , fc - di, a (*/2)7r) • e^ 3 ^ 2 ^' 



> | cos(fc6»i/2)| 



-k 



Re^(2e^/ 2 + V7e-^/^ 

- i?e|(3e^/ 2 + V7e- i(,1 / 2 ^ ' i 

> - cos(a 7 , fe - (t/2)n) - cos(2tt/3 + ct 7 . k + (M/2)n) ■ e"^* 

- cos(4tt/3 + a 7 , fc - <tt) • (1 + 3\/3t(7r/fc))" fc/2 . 

We denote the upper bound by A and the lower bound by B. First, we have A\ t= o = B|t=o = and 
J^A\ t =o — Jjfl|t = o = 0. Second, let C = (5v / 3/2)7r 2 (~ cosa 7: fc)(tana 7j fc + ll/(5\/3)), then we have 
JprA| t= o = C + 67r 2 (-cos(27r/3 + a 7ifc ))/fc and ^r-B|t=o = C - (27/2)tt 2 cos(4tt/3 + a 7 ,k)/k. Finally, we 
have B > if a 7yk > 3tt/2 — 2a 7 , and we have A < if a 7yk < 37r/2 — 2a 7 for large enough k and small 
enough t. 

Similarly, we consider the lower and the upper bounds of | cos(fc# 2 /2)| — \Re{2 k -{e l92 / 2 — V7e~ t02 / 2 )~ k }\- 
\Re{2 k ■ (3e W2 / 2 - V7e~ t(>2 / 2 )~ k }\. The lower bound is positive if a 7 . k < 3tt/2 - 2a 7 , while the upper 
bound is negative if a 7yk > 3tt/2 — 2a 7 for large enough k and for small enough t. 

In conclusion, if k is large enough, then \R 7 1 | and \R 7 2 | is small enough, and then we have one 
more zero on the arc A 7 1 when a 7 . k > 3tt/2 — 2a 7 , and we have one more zero on the arc A 7 2 when 
a 7j fc < 37r/2 — 2a 7 . However, if k is small, a method of proving the conjecture for this case is not clear. 

5.5.2 The case "k = 4 (mod 6) and 217vr/360 < a 7 , fc < 73tt/120" 

Let t > be small enough. Similar to Subsection 14.41 if k is large enough, then we have one more zero 
on the arc A 7 1 when a 7l k > t — a 7 , and we have one more zero on the arc A 7 2 when a 7 _ k < tt — a 7 . 

Acknowledgement. I would like to thank Professor Eiichi Bannai for suggesting these problems. 
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